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Preface

The authors take immense pleasure in presenting to the readers the book, entitled “Fundamentals
of Calculus” created and compiled with an objective to provide the readers with a worthwhile
experience of learning the basic concepts of Calculus.

This book has been designed in accordance with the Undergraduate Curriculum Framework-2022
followed by the Central Universities of India including University of Delhi under the National
Education Policy (NEP)-2020. It is exclusively crafted to cater to the interests of students of
Mathematics DSC-5 B.Sc (Hons.) Mathematics; GE-1(i) B.Sc./B.A. (Hons.)(Other than Mathematics);
Discipline A-1 and GE-1(i) Bachelor in Multidisciplinary Courses. It is also useful for B.Tech.
students of various Universities and for preparation of competitive examinations. The students
of open and distance education courses will also find the book very beneficial.

A sincere and humble attempt has been made to provide the readers a complete and self-
sufficient book written in a lucid and simplified manner giving comprehensive step-by-step
explanations for better understanding of the subject.

There are Ten chapters in this book. In each, the concepts are vividly explained, supported by
illustrations, followed by sufficient examples and exercises to provide the students an integrated
view of the theory and its applications.

Most of the questions conform to the examination pattern followed in the University
examinations and professional examinations.

We, gratefully, acknowledge the inspiration, encouragement and valuable suggestions received
from the teachers who are teaching undergraduate and postgraduate courses of several Universities.
In particular, we convey our thanks to Prof Rajiv Chopra (Principal, DCAC, University of Delhi),
Prof Suman Sharma (Principal, Lady Shri Ram College for Women, University of Delhi), Prof
Jatinder Bir Singh (Principal, Sri Guru Gobind Singh College of Commerce, University of Delhi),
Prof Ayub Khan (Head of Department of Mathematics, Jamia Milia Islamia), Prof Ruchi Das (Head
of Department of Mathematics, University of Delhi), Prof C K Jaggi (Head of Department of
Operations Research, University of Delhi), Prof Rajiv Aggarwal, (Principal, Deshbandhu College,
University of Delhi), Prof S.K Verma (Head of Department, SOL, University of Delhi), Prof Kul
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Anand Sharma, Prof B.K Tyagi, Dr Satyendra Kumar, Dr (Mrs) Arun Bala Vaish. Gratitude is
also due to our families for their unwavering support throughout this journey.

Our heartfelt acknowledgement is due to the entire staff of the publishers Sultan Chand and
Sons for their efficiency, assistance, and wholehearted cooperation.

Genuine efforts have gone to proof read the book to avoid any errors. However, any misprint
or inaccuracy left out inadvertently brought to our notice will be thankfully acknowledged.

New Delhi Prof. (Dr.) Chaitanya Kumar
Dr. Bhavneet Kaur
Dr. Harinderjit Kaur Chawla
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limits, Infinite limits and limits at infinity; Continuous functions and its properties on closed and
bounded intervals; Uniform continuity.

Unit 2: Differentiability and Mean Value Theorems
Differentiability of a real-values functions, Algebra of differentiable functions, Chain rule, Relative

extrema, Interior extremum theorem, Rolle’s theorem, Mean-value theorem and its applications,
Intermediate value theorem for derivatives.

Unit 3: Successive Differentiation, Taylor’s Theorem and Tracing of Plane Curves

Higher order derivatives and calculation of the n'h derivative, Leibnitz’s theorem; Taylor’s theorem,
Taylor’s series expansions of ¥, sin x, and cos x; Indeterminate forms, L’Hopital’s rule; Concavity and
inflexion points; Singular points, Asymptotes, Tracing graphs of rational functions and polar equations.

Bachelor of Multidisciplinary Courses of Study with 2 Core and
3 Core Courses (Sem I)
Discipline A-1: Topics in Calculus

Unit 1: Limits, Continuity and Differentiability

Limits of a functions, £ — § definition of a limit, Infinite limits, Continuity and types of discontinuities;
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theorem; Partial differentiation, Euler’s theorem on homogeneous functions.

Unit 2: Mean Value Theorems and its Applications

Rolle’s theorem, Mean value theorems and applications of monotonic function and inequalities;
Taylor’s theorem, Taylor’s series, Maclaurin’s series expansions of e*, sin x, cos x, log (1 + x) and
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Limits of a functions, Types of discontinuities; Differentiability of functions, Successive differentiation:
Calculation of the n” derivatives, Leibnitz theorem; Partial differentiation, Euler’s theorem on
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Unit 2: Mean Value Theorems and its Applications

Rolle’s theorem, Mean value theorems and applications of monotonic function and inequalities; Expansion of
functions: Taylor’s theorem, Taylor’s series, Maclaurin’s series expansions of ¥, sin x, cos x, log (1 +x) and
(1 + x)™; Indeterminate forms.

Unit 3: Tracing of Curves
Concavity and inflexion points, Asymptotes (parallel to axes and oblique), Relative extrema, Tracing
graphs of polynomial functions, rational functions, and polar equations.
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Important Formulae

1. A function f'is continuous at a point x = ¢, if
lim f(x) = lim f(x)= f(c).
A and X—c+

2. (i) The left hand derivative a function fat a point x = ¢ is given by

Lf' (¢)= lim RACIRAC) , provided the limit exists.
x—c

X—c—

(ii) The right hand derivative of a function f'at x = ¢ is given by

Rf" (¢)= lim RACIAC) , provided the limit exists.
x—ct+ X—C
(iii) The derivative of a function f'at x = ¢, denoted by /" (c), exists iff Lf” (¢) = Rf" (c¢) and
in this case

£1(©) = If' (©)=Rf' (©) = IEM

d" (1 (-1)"n'a"
3. n = n+l
dx ax+b (ax+b)
n _ n-1 _ (P
4 dn {log (ax+b)} _ =D""(n 1).61
dx (ax+b)
) d" . ) nr
5 (0 {sm (ax b)} =d"sin|ax+b+—
dx" 2

n

(i1) — {cos (ax +b)} = a" cos (ax+b+%)

X

6. (i) d—n [e™sin (bx+c) ]| = (a2 + B2 ™ sin (bx +c+ntan” S)
X

(i)

n n
d [e‘”‘ cos (bx + c)] = (a2 + bz) ¢ cos (bx +c+ntan™ 2)
dx" a

7. (Leibnitz’s Theorem)

n,

where U and V are functions of x

UV +"C, U, V,+"CyU, o Vot ..+ UV,

n

8. (Euler’s Theorem on Homogeneous Functions)
If z=f(x, y) is a homogeneous function of x and y of degree n, then
W22, 07
dx 4 dx

nz.
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9. (i) The equation of the tangent to a curve at a point P (x, ) on it is
Y—y= (dyldx) (X-x).
(if) The equation of the normal to a curve at a point P (x, y) on it is
Y—y= —(dx/dy) (X —x).
10. The angle ‘¢’ between the radius vector and tangent is given by
tan g= r——.
an ¢ dr

11. The asymptotes parallel to the x-axis (y-axis) are given by equating to zero the real linear
factors in the coefficient of the highest power of x () in the equation of the given curve.

12. Tangents at origin are given by equating to zero the lowest degree terms in the equation of
the given curve.

13. (i) The double points of a curve f'(x, y) = 0 are given by solving the following equations:

g of _, 9f _
fx,y)=0, Ep =0, 3y =0.

(if) If P (a, b) is a double point on the curve f(x, y) = 0, then it is a node, cusp, conjugate
point according as

2, ¥V 92 2
[(af)_a{.a{] 000
dxdy dx~ dy Pla.b)

14. Six Important Integrals

; dx .1 X L
T/ = SIn  —
0 | == ;

32
dx L X

(i) —— = sinh —+C
J Vit +x° a

d _

al = cosh 1£+C

e
X

a2
(iif) —
o \jx2 a
2 —

2
/ 2 x a . x
(@) dx = = a* —x* +—sin”' =+ C

o 2 2 a

2
(v) Va* +x*dx = %«/aﬂ_xz + 2 Ginn ' Xy

N 2 a
. 2
(vi) X' —a’dx = %sz +a’ —a?cosh_1 Zic
a

1
15. J T = ~—tan"' 2+ C

X" +a a a
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16 dx filo x—a+c
' x*—a*> 2a g x+a
where C is a constant of integration
17. Methods of Integration of Some Irrational Functions
[ dx

© J (Ux+B)Jax+b’

Put ax+b=1.

dx
J (Ax+B)Nax* +bx+c

(i) dx put L p

N (Ax2+B)\/ax2+b’ A+ B

'n—l n—3 n—5 E
n n-2 n—-4 2

J-ﬂ/Z J”” 2 if n an odd integer

1
(if) Put Ax+B= ;

18. sin" x dx = cos” x dx =

0 0

if n an even integer

m-1Dm-3)..(n-D(n-3)...
(m+n)m+n-2)..

T2, n
19. .[0 sin” x cos”" x dx =

to be multiplied by %, when m and » are both positive even integers.
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